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Analytic Solutions for Dusty Shock Waves

Jack Pike*
Holly Cottage, Chawston, Bedfordshire MK44 3BH, England, United Kingdom

Exact analytical solutions are obtained for the flow of a gas carrying dust particles through a shock wave.
These solutions are applicable for particular values of the dust loading ratio and heat capacity. The solutions
demonstrate the types of flow which can occur and provide a series of solutions which can be used to validate

numerical methods for computing dusty shock flows.

I. Introduction

HE simplest dusty shock wave flow, that of a perfect gas

carrying inert particles passing through a shock wave, was
considered originally by Carrier' and subsequently by a number of
authors.>® The shock wave is unaffected by the particles, but
downstream of the shock a relaxation region occurs where the un-
changed particle velocity and temperature behind the shock wave
adjust to the new flow conditions. Even for the most basic dusty
shock problem, where the particles are assumed to be spheres of
constant size and gravitational forces, and particle volume and
other complicating factors are neglected, the flow depends on at
least six parameters, as well as relationships for the drag and heat
transfer rates of the particles. The pertinent parameters for the gas
flow are the freestream Mach number M, and the ratio of specific
heats of the gas -y. The particle parameters required are the loading
ratio A, that is, the mass of dust over the mass of the gas in the
freestream, and the heat capacity ratio ¢ which is the specific heat
of the dust over that of the gas. These four parameters are suffi-
cient to find the downstream equilibrium conditions! when the
drag and heat transfer of the particles again causes their velocity
and temperature to match that of the gas. For the interaction be-
tween the particles and the gas in the relaxation region, the gas vis-
cosity and the thermal conductivity are needed, together with the
relationships for the drag and heat transfer. The flow variables can
then be found as ratios to the freestream conditions at distances
from the shock wave normalized in terms of a representative dust
diameter and the ratio of densities.’

The drag and heat transfer are obtained from correlations to ex-
perimental data for spheres.'® For the drag coefficient Cp, a close
correlation to the “standard” drag curve for spheres in incompress-
ible flow is generally used.Z® The heat transfer to small spheres is
less well established, due to the influence of shape imperfections
and surface roughness. Here, following Carrier,! we use the empir-
ical relationship that for Reynolds numbers up to several thousand,
the Nusselt number Nu for spheres is approximately proportional
to ReCp. At higher Reynolds numbers this relationship tends to
give heat transfer rates which are too high. These correlations re-
strict the size of particles for which the solutions are applicable,
from a minimum particle diameter dp of a few microns, so that the
gas can be treated as a continuum, to a maximum particle diameter
of a few hundred microns, restricted by both the accuracy of the
correlations and other assumptions such as the neglect of gravity
and temperature gradients within the particle.

Even the most basic of dusty shock wave problems has needed
numerical solution. This has tempted authors to include detailed
estimates of the variation of the parameters within the relaxation
region as well as a variety of correlations for the drag and heat
transfer. These differences in the assumptions, as well as the num-
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ber of parameters which need to correspond, have made it difficult
to compare the solutions produced by the various numerical tech-
niques. Some comparisons have been made® which indicate that
discrepancies exist between the published results. Commonly,
these differences might be resolved by comparison with experi-
ment. However with experimental dusty shock waves, such is the
uncertainty in the dust shape and its drag that the experimental re-
sults are used to assess the drag of the particles and are thus of lim-
ited use in validating the numerical solutions. An alternative is to
compare the results with analytical solutions.

An advantage of analytical solutions is that it is relatively easy
to establish that they are correct within the assumptions made,
whereas with numerical solutions it is difficult to be certain that
they are not subject to some programming bug or other hidden er-
ror. Hitherto complete analytic solutions for dusty shock waves
have not been available. Here a set of exact analytic solutions of
the basic dusty shock wave problem is found, which is both inter-
esting in its own right and can be used to validate numerical solu-
tions for particular values of the parameters.

II. Equations of Dusty Shock Waves

The assumptions made in developing the equations are similar
to those of Carrier! and, in most cases, to those of subsequent au-
thors.>® The gas is assumed to obey the perfect gas equation of
state, i.e.,

p=pRT ey
where p, p, and T are the gas pressure, density and temperature, re-
spectively; and R is the gas constant. The particles are small spher-
ical particles of equal size distributed throughout the flow, with the
dominant force on the particles being the drag force, such that
gravitational and other forces on the particie can be neglected. The
total volume of the particles is assumed to be a negligible fraction
of the gas volume, and the particles are assumed to be small
enough or to have a high enough thermal conductivity such that
the temperature variations within the particle can be neglected.
The temperature of the particles is also assumed to be low enough
for thermal radiation from the particle to be neglected.

The equations governing the flow are the conservation of mass,
momentum, and energy, together with the particle drag and heat
transfer equations. For one-dimensional steady flow of a dusty gas,
the mass flux is constant and is given for the gas by

m=pu )

and for the dust by Am. Momentum and energy conservation for
the flow give!

mi + Amu, + p = const

©)

and

2
Yy mu? + Y, Amu,, +mc,T + AmcT, = const

C)
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where Up, Tp, and c are the velocity, temperature, and specific heat
capacity of the particles, respectively, and c,, is the specific heat of
the gas at constant pressure. The exchange of momentum and heat
between the particles and the gas is given by the drag and heat
transfer equations,' i.e.,

du,
My—=F =-D ©)
dT
M- = hS,(T,~T) (©)

where M,, is the mass of a particle, S, is its surface area, D is the
drag, and A is the coefficient of thermal conductivity. The drag and
thermal conductivity are approximated by empirical fits to experi-
mental data for spheres in terms of the nondimensional drag coef-
ficient Cp (i.e., D/, p[(up—u)zAp] and the Nusselt number Nu
(i.e., hc, /k , where k is the thermal conductivity of the gas). To ex-
press the equations in nondimensional form, the gas and particle
variables u, u,, T, T, p, and p,, are normalized in terms of their up-
stream values up, T, and py, respectively. The pressure is normal-
ized with respect to pouz such that the normalized pressure up-
stream of the shock wave p, is given by 1/yM, g. The viscosity @ of
the gas is introduced via the Reynolds number Re [i.e., p(u,—u)d,/
) and the Prandtl number Pr (ie., lc,/k). Then Eq. (5) can be
written in nondimensional form as’

du, 3(u, - u)zCD

= @)

“dx 4uu,

where x is the distance from the shock wave normalized by d,p,/
Po» and Eq. (6) divided by Eq. (5) becomes!

dr, B(T,-T)

_d;;‘_ c(up—u) ®)
where
_ 8Nu
B= PrReC), ®

With the Nusselt number approximately proportional to the Rey-
nolds number times the drag coefficient, § may be taken as a con-
stant. It typically has a value of order 1 as can be seen by consider-
ing the small Reynolds number limit when ReCp has value 24
(from Stokes law) and the Nusselt number approaches its pure
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Fig.1 Variation of Nusselt number and ReC;,/12 with Reynolds num-
ber for smooth spheres.

conduction value of 2. Then with a Prandtl number of 0.72, 8 has a
value of 0.925. As the Reynolds number increases, ReCp and Nu
both increase so that Nu/ReCp remains nearly constant. For
smooth spheres, the variation of the Nusselt number and ReCp, /12
with Reynolds number is shown in Fig. 1, taken from piecewise
curve fits to empirical data.!9 At larger Reynolds numbers ReC},
tends to increase faster than Nu, and the appropriate value of B is
reduced.

Eliminating the gas temperature from Eq. (4) using Eqs. (1-3)
gives the nondimensional form of the conservation equations as

29hepo(T, — 1) = (y+ DU? — 2(1 — ypy — YAU,)
= M[2 + (y — DU,] (10)

where Uy, is 1 — u,/ug and U is 1 ~ u/u,. Equation (10) expresses
the dust temperature downstream of the shock wave as a quadratic
function of the gas and dust velocities. Substitution of 7, from
Eq. (10) in Eq. (8) gives du/du, as a ratio of quadratics in u and u,,.
Solving this equation together with Eq. (7) then gives a solution to
the flow in the relaxation region. Unfortunately, this direct ap-
proach does not easily yield analytic solutions, and an alternative
approach is required.

III. Analytic Solution for Dusty Shock Waves

We seek solutions where the dust velocity is a linear function of
the gas velocity. We cannot be sure a priori that any such solutions
exist, but if they do, then from Eq. (2) the pressure is also a linear
function of the velocity and from Eqs. (1-3) and (10) the gas and
dust temperatures are quadratic functions. The method used is to
assume such solutions exist and to try and find combinations of the
parameters for which Egs. (7), (8), and (10) are satisfied. The lin-
ear relationship between the velocities is expressed as

u,=a+bu (1D

where a and b are constants. From conditions just downstream of
the shock wave (where u = u; and u, = 1) and condition at down-
stream equilibrium (where u, = u = u,) these constants are given by
a= —ul — uluy — u) (12)

b= — uluy — u,) 13

where from Refs. 1-9 or Egs. (1-4) the equilibrium velocity is

C 242k (Y= 1) (1+ ) M

u 5 14
(Y+1+2vke) (1 +X) M,
Equation (11) may also be expressed as
U,=bU-Uy) (15)

From Eq. (10), with our linear velocity relationship, 7, can be ex-
pressed as a quadratic in U or U,. We choose to write this relation-
ship as

T,=T+ (U, — UXA+BU,) (16)

where A and B are constants that could be found from comparison
of Egs. (10) and (16). Only two constants are needed because
Eq. (16) is necessarily satisfied at downstream equilibrium.

Substituting T, from Eq. (16) into the left-hand side of Eq. (8)
and integrating gives

T, =1+ BAUy/c + BBU.2¢ (17

where the constant of integration has been fixed from conditions
just downstream of the shock wave. Then for a valid solution, all
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Fig.2 Values of A and ¢ for analytic solution when y=1.2and § = 1.

three definitions of 7, given by Eqs. (10), (16), and (17) must be
identical. We assume that the values of M, v, and 3 are given and
contrive to find values of A and ¢ for valid analytic solutions.

Equating the constant, linear and quadratic coefficients of U, in
Eq. (17) with Egs. (10) and (16) gives the six equations

A= —Ulpy— 1 (18)
Y+ DUy =201 — ypy) (19)

BbpoU, = Abpy(1 — Blc) = 1+ (1 — U)(1 + Ab) (20)
Ab(poBA — YU = (Y + DU, — 1+ 9pg 2D
Bbpy(1 — b +bB/2c) = (1 + Ab) (22)
YoBADBD =y + 1 + 2yAb — Ay — 1) (23)

Equation (19) gives U, as a function of M, and v, which satisfies
the conditions just downstream of the shock wave. Then Eq. (18)
can be written

A= — DA +YMDHIy+1) 4)

With U, and A known, Ab can be found as a function My, v, and (3,
from Eq. (21), i.e.,

Ao =y + (M, — DB — D(1+yM,) — 2¢(M; — )] (25)

Eliminating ¢ from Egs. (20) and (22) gives a linear relationship
between b and Bb. This can be combined with a similar relation in
Eq. (23) to give a quadratic equation in Bb, with the solution

2
Bbz“Ki/\/K -8 (1 +Ab)

T (26)
where
2
_YpoB poU,
oc_Y_l— 1 27N
and
2Ab+1 1-(1-U) (1
o R@MHley 1-(-U) AR

Ab (Y- 1) A

With Ab and Bb known as functions of My, ¥, and B, the values of
A and ¢ may be obtained from Eqs. (23) and (22) as

(e (=D )My
(Y + 1 +2YAb) M, + PABBD

(29)

and

_ BAbBb
20[Bb +YMZ(1+21b)] —2AbBb

(30)

Some values of the loading ratio and heat capacity ratio for the an-
alytical solution to exist are listed in Table 1, for a range of Mach
number, 7y values of 1.2 and 1.4, and a 8 value of 1. Note that for
Mgy =2.5, two values of A and ¢ occur. These represent the two dif-
ferent solutions of the quadratic equation for Bb. The variation of A
and ¢ with Mach number for analytic solutions is shown in Figs. 2
and 3 for y= 1.2 and 1.4. We see that near M, = 2.5 the two solu-
tions overlap giving analytic solutions for both large and small
loading ratio at this Mach number.

Before solving the drag equation to obtain the spatial variation
of the solution behind the shock wave, there is another degenerate
set of solutions® which can be added to those given previously. If
we neglect the heat capacity of the particles (i.e., put ¢ = 0), then
the heat transfer equation gives T, = T. Using Eq. (15), Eq. (10)

Table 1 Values of A and ¢ for analytic solutions (B = 1)

y=12 =14

M, A ¢ A ¢

15 0.047 1.038 0.065 1.058
2 0.175 1.201 0.249 1.367
2.5 0.419 1.817 0.662 5.685
2.5 0.062 0.503 0.033 0.505
3 0.132 0.496 0.101 0.506
3.5 0.210 0.485 0.170 0.501
4 0.294 0471 0.234 0.494
4.5 0.380 0.457 0.292 0.486
5 0.467 0.443 0.345 0.479

O

Mo

Fig.3 Values of A and c for analytic solution when y= 1.4 and B = 1.
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then becomes a quadratic in U which must have coefficients of
value zero, giving A as

_ (=D (Mg-1)°
Ms[27 - (v-1)M]

(3D

This provides analytic solutions which can be used to validate nu-
merical solutions without involving the heat transfer. Thus, if a
discrepancy is found in a numerical solution, comparison with a
zero heat capacity solution can help to isolate the source of the
€ITOr.

These values of A and ¢ give solutions which have linear rela-
tionships between the velocities and pressure and quadratic forms
for the temperatures. The relationship for the velocities is given by
Eqgs. (11-13). The linear relationship of the pressure in terms of the
velocity can be obtained similarly from conditions behind the
shock wave and at downstream equilibrium or from Eq. (3). The
gas temperature (expressed as pu/pg) is then given directly as a
quadratic in the velocity, as is the particle temperature from
Eq. (10).

IV. Solution of the Drag Equation
Analytical solution of the drag equation in the form of Eq. (7) is
complicated by the occurrence of Cp. A variety of correlations for
the standard sphere drag curve have been used, with the most accu-
rate being the piecewise fit to the experimental data of Clift et al.!”
Some of the other correlations used are compared with this in Fig.
4. We see that Klyachko’s correlation!! given by

24( Rem)
= — 1 —

Cp=p\ 1+ (32)
and used in Ref. 2, agrees with Clift et al.!° to within 5% for Rey-
nolds numbers less than 10.> A correlation proposed by the present
author® is given by

Cp= 2 14 LRe] 39

which agrees with Clift et al.'® to within 10% for Reynolds num-
bers less than 10%. The correlation of Gilbert et al.1? used in Refs.

3,4, and 8 is given by

Cp = 0.48 + 28Re™0% (34

Gilbert Pl
12 /s
et al 7

+20% \\f} Y

I kY
4 Y
e 4 X,
,—_-——"‘lr‘_._‘_ 1% T < Y
e — = 7 —_—
[ g — Th . . e

A
Kiyacholl \\__ \._

0.1 1 10 Re 103 10* 105

Fig. 4 Comparison of correlations for the drag of spheres.

It differs from Clift et al.'® by up to 30% for Reynolds numbers
less than 103. More complicated correlations have been used,® with
a correction introduced for the variation of the drag coefficient
with the Mach number of the particle, measured with respect to the
flow. The effect of a difference in the correlation used on the solu-
tion can be seen from Eq. (7) to locally stretch the distance behind
the shock wave by the amount of the difference. Thus, the use of
Eq. (33) here will stretch the x distance by up to 10% over small
regions compared with using the standard drag curve, making little
difference to the solution.
The Reynolds number of the particle can be written as

Re = (u, — u)/upt (35)

At x=1 u=0.342 up=0.752 p=1.023 T-=1.959

T&Tp

N
T

p/P1

10

o
»

Fig. 5 Flow variation downstream of a Mach 2 shock wave for a dust
with no heat capacity; y= 1.4, A = 0.752, and ¢ = 0.

At x=1 u=0.342 up=0.751 p=0.898 T=1.721 Tp=1.213

2
T
Tp
p/py
1
u
P
u
0 X 10

Fig. 6 Flow variation downstream of a Mach 2 shock wave for a dust
with heat capacity; y=14, B=1, A=0.249, ¢ =1.367, and u=4.3 X
1074
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where p is the gas viscosity nondimensionalized with pgugd,. The
viscosity is taken to be constant throughout the relaxation region.
Substituting for # and u, in Eq. (7) from Egs. (11) and (35) gives

dRe _ 3URe’C,(1—b+pRe)
dx 4ab (1 + pRe)

(36)

which after replacing Cp, from Eq. (33) and simplifying becomes

} dx 1+ 2
;:z_b d_y TT3 2“‘y 2 37
(K"=y) y(9+y)
where
y=Re (38)
and
B=®b-Dj (39

The right-hand side of Eq. (37) can be expanded to give

wodx _ A B A B
fab dy k=y K4y (k-y (k+y)
Cl D] D2
o — (40)
Yy o9+y (9+y)
where A|-D, are constants given by
Ay = (1 + uk2)/4k39 + k)2 (41)
By = (1 + uk®/ak3 (9 — ky? (42)
Dy =~ (1 + 81u)/9(k? — 81)? (43)
Ay =245 1Vk(1 + uk?) - 1/9 - k)} (44
B, =2B,{1/k(1 + pk?) + 1/(9 + k)) 453)
At x=1 u=0.296 up=0.678 p=0.829 Tp=1.806 T=2.149
T
2 -
T
! p/p1
u
p
u
0 X 10

Fig. 7 Flow variation downstream of a Mach 2.5 shock wave for a
dust loading ratio; y=14, f =1, A =0.033, ¢ =0.505, and p=4.3 X
1074

At x=1 u=0.211 4,=0.597 p=1.170 Tp=1.150 T=2.161

0 X 10

Fig. 8 Flow variation downstream of a Mach 2.5 shock wave for a
dust with large heat capacity; y= 1.4, = 1, A = 0.662, ¢ = 5.685, and u
=43 X 1074,

At x=1 u=0.250 up=0.607 p=0.870 Tp=2.326 T=2.735

0 X 10

Fig. 9 Flow variation downstream of a Mach 3 shock wave for a
small dust loading ratio; y= 1.4, B = 1, A = 0.101, ¢ = 0.506, and . = 4.2
X 1074,

C,=1/81k* (46)

D1:A1—BI‘CI (47)

Then integating Eq. (40) gives the distance from the shock wave as
a function of the velocity. That is,

Wx/9ab = C,— A, log(k — y) + B, log(k + ) + Ay(k — )

=By /[(k+y)+ Cilogy +D;log(9+y) —Dy/(9 +y) (48)
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At x=1 u=0.201 up=0.517 p=0.957 Tp=3.755 T=4.301

0 X 10

Fig. 10 Flow variation downstream of a Mach 4 shock wave for a
modest dust loading ratio and heat capacity; y= 14,8 =1,A = 0.234, ¢
=0.494, and p = 4.3 X 104,

where C,, the constant of integration, is obtained from conditions
just downstream of the shock wave. Although Eq. (48) requires
considerable algebra in its derivation, its correctness is easily
checked, first by differentiating Eq. (48) to obtain Eq. (40), and
then by confirming the expansion on the right- hand side of Egq.
(40) by substitution of numerical values in the right-hand sides of
Eqgs. (37) and (40) to demonstrate that the values agree.

V. Analytic Results

In Figs. 5-10 are shown analytical solutions for Mach numbers
of 2, 2.5, 3, and 4, with v, B, and u values of 1.4, 1, and 0.43 X
107*, respectively. These solutions are of different types useful for
comparison and validation. On each figure the normalized flow
variables (u, p, T) and the dust variables (u, and T,) are plotted
downstream of the shock wave for x from 0 to 10. On the right-
hand x = 10 line, tick marks indicate the asymptotic values of the
flow variables far downstream (i.e., u,, p./p;, and T,). We see that
at this x value the dust and gas variables approach these limit val-
ues. To aid comparison with numerical solutions, at the top of each
figure accurate values are given of the variables at x = 1 (i.e., a dis-
tance from the shock wave of d,p,/pg).

The plot at My = 2 for A = 0.75 and ¢ = 0 in Fig. 5 shows a typi-
cal flow in the relaxation region downstream of the shock wave
when the heat capacity of the dust is neglected. We see that the gas
pressure (plotted for convenience as p/p;) and the temperature rise
significantly behind the shock wave and that the gas and dust ve-
locity both fall. This unexpected reduction in both velocities is
needed to maintain conservation and results in the large pressure
rise. Since the heat capacity of the particles is zero in this case the
temperature of the gas and particles is the same.

The plot at M, = 2 in Fig. 6 shows the distribution for A = 0.249
and ¢ = 1.367. We see that the gas temperature is very nearly con-

stant, the expected increase from the momentum exchange being
reduced by the heat transferred to the dust. The pressure can be
seen to rise steadily, giving a significant increase in pressure far
downstream of the shock wave. The gas velocity downstream of
the shock wave decreases as the dust velocity decreases to match
the gas velocity.

The other plots are similar. Figure 7 shows the variation for
small A, when the changes to the gas variables behind the shock
wave are small as the dust conditions seek to match the gas values.
Figure 8 shows a M = 2.5 flow for larger values of A and c. In this
case we see that there is much greater change in the flow variables
and, in particular, the gas temperature rises to a maximum and then
decreases under the cooling influence of the dust to a value below
T,. Note also that the change in the pressure is nearly as large in
the relaxation region as across the shock wave, and the gas veloc-
ity behind the shock wave is halved, demonstrating the significant
impact the dust can have on the changes in the flow variables asso-
ciated with the shock wave. Figures 9 and 10 show plots for higher
Mach numbers.

VI. Conclusions

Analytical solutions of dusty shock waves for particular values
of the dust loading ratio and heat capacity are found which have
simple linear and quadratic relationships between the flow vari-
ables. The solutions demonstrate the types of dusty shock flows
which can occur, with both the dust and gas velocities falling after
the shock wave asymptotically to a downstream equilibrium value,
which may be significantly less than the gas velocity behind the
shock. The pressure and particle temperature both rise after the
shock; and the gas temperature is shown to take various forms in-
cluding rising to a maximum before falling to the downstream
equilibrium temperature. An important application of the analytic
solutions is to validate numerically calculated solutions to add
confidence to the numerical results obtained for other types of
dust.
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